The standard definition of quantum fluctuating work is based on the two-projective energy measurement, which however does not apply to systems with initial quantum coherence because the first projective energy measurement destroys the initial coherence, and affects the subsequent evolution of the system. To address this issue, several alternative definitions, such as those based on the full counting statistics and the Margenau-Hill distribution, have been proposed recently. These definitions seem ad hoc because justifications for them are still lacking. In the current study, by utilizing the quantum Feynman-Kac formula and the phase space formulation of quantum mechanics, we prove that the leading order of work distributions is equal to the classical work distribution. Thus we prove the validity of the quantum-classical correspondence of work distributions for initial states with quantum coherence, and provide some justification for those definitions of work. We use an exactly solvable model of the linearly dragged harmonic oscillator to demonstrate our main results.
I. INTRODUCTION
Traditionally, thermodynamics describes the energy conversions of macroscopic systems, in which thermodynamic variables, such as work, heat, and entropy production are quantities of ensemble average. Fluctuations of these quantities are vanishingly small and are usually ignored. However, at the microscopic scale, fluctuations are too prominent to be ignored. In the past two decades, stochastic thermodynamics emerges as a new field [1] [2] [3] [4] [5] [6] [7] , in which the classical fluctuating work is defined along individual trajectories in the phase space [3, 4, 8] , leading to the striking results of the fluctuation theorems [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Nevertheless, in the quantum regime, there is some ambiguity in the definition of the stochastic trajectory and the corresponding quantum work functional [22] [23] [24] due to the existence of the uncertainty principle.
In quantum thermodynamics , a standard definition of quantum fluctuating work is given by the energy difference between the initial and the final outcomes of the two-projective energy measurement (TPM) [25] [26] [27] . Based on this definition, the fluctuation theorems, such as the Jarzynski equality and the Crooks relation can be obtained straightforwardly [1, 2, [25] [26] [27] . The TPM approach provides an operational way to measure the work in both isolated and open quantum systems, and the fluctuation theorems in the quantum regime have been tested experimentally using the TPM [47] [48] [49] . In addition, it has been shown [50] [51] [52] [53] [54] [55] [56] that the definition of quantum fluctuating work based on the TPM obeys the quantum-classical correspondence principle, which provides some justification for this definition of quantum fluctuating work. * Corresponding author: htquan@pku.edu.cn
In spite of its success in the study of quantum thermodynamics, the TPM approach has its limitations which have been pointed out in recent studies [57] [58] [59] . For states with quantum coherence, the first projective energy measurement destroys the coherence, and affects the subsequent evolution of the system [22, [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] . Thus the averaged work is no longer equal to the difference of the internal energy (expectation value of the Hamiltonian) before and after the evolution. As a result, alternative definitions of quantum fluctuating work have been proposed for initial states with quantum coherence [22, 60-65, 68, 73-75] . Examples include that based on the full counting statistics (FCS) [61] [62] [63] [64] 75] , and that based on the Margenau-Hill distribution (MH) [60, 74] . The two definitions are related to the weak measurement that circumvents the invasive effect of the measurement disturbance on the statistics of work, and they are experimentally operational [60] [61] [62] [63] [64] [74] [75] [76] [77] . When the initial state has no quantum coherence, the two definitions are equivalent to that based on the TPM [22, 57, 59] . When the initial state has quantum coherence, the probabilities of work distributions are not positive-definite. In other words, they are quasi-probabilities [57, 59, 62, 65] . For this reason, a no-go theorem for definitions of quantum work is proposed [57] [58] [59] 72 ].
In the current study, we investigate the definitions of quantum fluctuating work based on the FCS and the MH from the perspective of quantum-classical correspondence. Inspired by Refs. [50, 53] which studied the quantum-classical correspondence of quantum work distribution based on the TPM, we apply the same method of the phase space formulation of quantum mechanics [53, [78] [79] [80] , and find that even in the presence of quantum coherence, both quantum work distributions converge to their classical counterpart in the limit of → 0, where is Planck's constant. In addition, we show that in comparison with the classical work, the two definitions of quantum fluctuating work lead to different quantum corrections [53, 78] . Our results thus provide some justification for the validity of the definitions of quantum fluctuating work based on the FCS and the MH. This paper is organized as follows. In Sec. II, we investigate the work characteristic functions based on the FCS and the MH by utilizing the quantum Feynman-Kac formula [53, 81, 82] and the phase space formulation of quantum mechanics [53, [78] [79] [80] , and give our main results. In Sec. III, we use an exactly solvable model of the linearly dragged harmonic oscillator to demonstrate our main results. In Sec. IV, we give some discussions and conclude our paper.
II. QUANTUM-CLASSICAL CORRESPONDENCE OF THE FEYNMAN-KAC FORMULA
Our setup is an isolated quantum system with an initial state described by a density matrixρ(0). The system is driven by an external agent from the initial time t = 0 to the final time t = τ . Accordingly, the Hamiltonian of the system is time-dependentĤ(t) that evolves from the initial time t = 0 to the final time t = τ . The unitary evolution operator iŝ
where ← − T is the time-ordered operator. During the whole driving process, external work W is exerted on the system. In this paper, we study the characteristic function of the work distribution P (W ):
If the initial stateρ(0) does not have quantum coherence, i.e., it is diagonal in the energy eigenbasis ofĤ(0), we can adopt the TPM approach to define the quantum fluctuating work, and the characteristic function of work can be expressed as [27] :
Ifρ(0) has quantum coherence, it does not commute with the initial HamiltonianĤ(0), i.e., ρ(0),Ĥ(0) = 0. In
Ref. [61] , Solinas and Gasparinetti studied the quantum fluctuating work using the FCS. They gave the following definition of the characteristic function of work [61] :
The FCS is not the only way to characterize non-invasive measurements of work. In Ref. [60] , Allahverdyan proposed another definition of the quantum fluctuating work based on the MH distribution for successive energy measurements [60, 74, 76, 77] :
Comparing Eqs. (4) and (5) with Eq. (3), we can see that Φ FCS (η) and Φ MH (η) are two types of symmetrization of Φ TPM (η). They are introduced to deal with the situation when the initial state has quantum coherence (the initial stateρ(0) does not commute with the initial HamiltonianĤ(0)). While the first and the second moments of work, W and W 2 , are the same for Φ FCS (η) and Φ MH (η), higher-order moments in general are different [66] . It is worth mentioning that when the initial state has no coherence, the three definitions of quantum fluctuating work are equivalent.
A. Phase space formulation of quantum Feynman-Kac formula
In this section, we investigate the time evolution of the operators included in the trace of Eqs. (4) and (5) . For Φ FCS (η) [Eq. (4)], let us define an operatorK(t) aŝ
It is easy to prove thatK(t) satisfies the quantum Feynman-Kac formula introduced in Refs. [53, 82] :
(7) The initial condition iŝ
We reformulate Eq. (7) in the phase space (WeylWigner) representation of quantum mechanics [53, [78] [79] [80] as follows
This equation describes the time evolution of the function K(z, t), which is the Weyl symbol of the operatorK(t).
Here z = (x, p) represents a point in the phase space, and x is the position and p is the momentum of the particle. In Eq. (9), H(z, t) is the Weyl symbol of the Hamiltonian H(t). In this paper, for simplicity, we study a system described by the following Hamiltonian
where m is the mass of the single particle, and V is the potential. The symplectic operator Λ [79] is
and the arrows denote the directions the partial derivatives act upon. In Eq. (9),
where {·} w denotes the Weyl symbol of the operator included in the bracket, and exp i 2 Λ denotes the star product [79] . Then according to Eq. (4), the characteristic function of quantum work can be calculated as
where the integral over dz denotes the integral over the whole phase space.
Having introduced the phase space formulation of quantum Feynman-Kac formula, in the following, we study the quantum work statistics and its relation to the classical work statistics.
B. Quantum work statistics and its classical counterpart
As pointed out by Wigner in 1932 [78] , the phase space representation has advantages in studying the quantumclassical correspondence and calculating the quantum corrections on thermodynamic variables in powers of . In this subsection, we calculate the work statistics by solving Eq. (9). Let us recall that when studying the Weyl symbol of the exponential of the Hamiltonian e −iηĤ(t) , for example, the density matrix of the thermal equilibrium stateρ eq (0) ∝ e −βĤ(0) (β is the inverse temperature), Wigner found that it can be expanded as [78] e −iηĤ(t)
where
(15) Please note that on the r.h.s. of Eq. (14), there are no terms proportional to odd orders of , and this feature is important for our later analysis. By substituting Eqs. (12) and (14) into Eq. (9) and expanding Eq. (9) in powers of , we obtain
. (16) By expanding K(z, t) in powers of :
and identifying terms of the same orders of in Eq. (16), we obtain
The initial conditions [Eq. (8)] in the phase space representation are (see Appendix A)
where P (0) (z, 0) denotes the zeroth-order term of the Weyl symbol of the initial density matrixρ(0), and it will be defined later [see Eq. (21)]. We regard P (0) (z, 0) as the classical counterpart ofρ(0):
It can be checked [78] that for the quantum thermal equilibrium state, P (0) (z, 0) is exactly the thermal equilibrium state of the classical Hamiltonian H(z, 0).
Please note that not all quantum states have the classical counterparts in general. For example, the Fock states in quantum optics or the spin states in spin systems do not have well-defined classical counterparts. However, for systems described by Eq. (10), the thermal equilibrium state [78] and those evolved from the thermal equilibrium state have well-defined classical counterparts in the phase space. For simplicity, we focus on those states evolved from the thermal equilibrium state in the following discussions. The Wigner functions of these states have the following form in powers of : (0) . By utilizing the classical Feynman-Kac formula [81] , we obtain the solution, which is the conditional expectation of the classical work functional:
is the classical work functional of the stochastic trajectories [3, 4, 8] , and the brackets in Eq. (22) denotes the average over all classical trajectories in the phase space starting from the initial distribution P (0) (z, 0). Since it is an isolated system, the trajectories satisfy Newton's equation.
If the characteristic function of work can be expanded as
then according to Eq. (13), the zeroth order of the characteristic function of quantum work is
where the r.h.s. of Eq. (25) is exactly the classical work characteristic function Φ Classical (η) with the initial distribution P Classical (z, 0), i.e.,
.
(26) By comparing the first two equations of Eq. (18), we obtain
Using the property of the symplectic operator [79] , we find that the first-order correction of Φ(η) vanishes:
Similar to the results of Ref. [78] [Eq. (14) ], the corrections of Φ(η) proportional to odd orders of vanish.
Up to now, we have discussed the characteristic function based on the FCS. For that based on the MH distribution, the definition of the operatorK(t) is different. According to Eq. (5),
All the equations listed above [from Eq. (7) to Eq. (28)] are equally applicable to the study of the characteristic function based on the MH except that the initial condition Eq. (8) should be replaced bŷ
Please note that the initial conditions of K (0) (z, t) and K (1) (z, t) are still the same as Eq. (19) (see Appendix A). Accordingly, the classical counterparts [zeroth order, Eq. (25) ] and the corrections proportional to [Eq. (28) ] are the same for Φ FCS (η) and Φ MH (η). Nevertheless, due to the difference between the initial conditions [Eq. (8) and Eq. (30)], the corrections proportional to the second and higher even orders of are different. In the following section, we will use an exactly solvable model to demonstrate our main results.
III. A CASE STUDY: LINEARLY DRAGGED HARMONIC OSCILLATOR
In the preceding section, we focus our attention on the general cases whose Hamiltonian is in the form of Eq. (10), and the initial quantum states are those evolved from the thermal equilibrium state [Eq. (21) ]. In this section, as an illustration, we study a linearly dragged harmonic oscillator. The Hamiltonian iŝ
where ω is the trapping frequency of the harmonic potential, and u is the speed of the shifting of the potential center. At time t = −τ (τ > 0), the system is prepared in the thermal equilibrium stateρ(−τ ) =
where Z q is the quantum partition function [83, 84] :
The corresponding classical state is the equilibrium state of the classical Hamiltonian [78] 
Zc e −βH(z,−τ ) , where Z c is the classical partition function:
The Wigner function P (z, t) of the density matrixρ(t) satisfies the following equation of motion [78, 79] :
where terms proportional to odd orders of vanish on the r.h.s. of Eq. (34) [78, 79] . Since P (z, −τ ) does not contain terms proportional to odd orders of [see Eq. (14)], from Eq. (34), we conclude that P (z, t) does not contain terms proportional to odd orders of [see Eq. (21)]. In our model [Eq. (31) 
which is the classical Liouville equation. The system evolves under the governing ofĤ(t) from t = −τ to t = 0, and we regard the final stateρ(0) of the first evolution as the initial state of the second evolution. The final time of the second evolution is t = τ , and the final state isρ(τ ). We care about the quantum work distribution of the second evolution only (from t = 0 to t = τ ). Please note that as long as the first evolution (from t = −τ to t = 0) is not quantum adiabatic, the initial state of the second evolutionρ(0) has quantum coherence, i.e., ρ(0),Ĥ(0) = 0.
According to Eq. (34), the equation of motion of P (0) (z, t) is the classical Liouville equation with the initial condition
Zc e −βH(z,−τ ) . Hence, the evolution of P (0) (z, t) is purely classical under the governing of the classical Hamiltonian H(z, t), i.e., the whole quantum driving process has a perfect classical counterpart which evolves from P (0) (z, −τ ) to P (0) (z, 0) and finally to P (0) (z, τ ) under the governing of the classical Hamiltonian H(z, t) . Thus we can regard P (0) (z, t) as the classical counterpart ofρ(t). The classical characteristic function of work of the second evolution (from t = 0 to t = τ ) Φ Classical (η) can be obtained from Ref. [85] :
From Refs. [78] [79] [80] , we know that 
We would like to emphasize that the initial state of the second evolution [Eq. (38) ] has quantum coherence. The corresponding classical state is
Now that we have obtained the quantum-classical correspondence of the initial state of the second evolution, we will analytically calculate the zeroth orders of the work characteristic functions Φ FCS (η) and Φ MH (η). Let us consider Φ FCS (η) first. By separatingK(t) [Eq. (6)] into two parts:K
it is easy to prove that the equation of motion ofM (t) is the quantum Liouville-von Neumann equation:
with the initial condition
Similarly, we reformulate them in the phase space representation. We define the Weyl symbol ofM (t) as M (t) 
Using Eqs. (14), (38) , (39) and the conclusion of Appendix A, we find that M (z, 0) can be expanded in even orders of :
The characteristic function can be calculated as
Thus the zeroth order is
and the first order vanishes because neither e iηĤ(τ ) w nor M (z, τ ) contains terms proportional to odd orders of :
By solving the classical Liouville equation, we can obtain M (0) (z, τ ) that evolves from M (0) (z, 0) = e −iηH(z,0) P (0) (z, 0). After some algebra (see Appendix B), we obtain
which is identical to the classical characteristic function of the work Φ Classical (η) [Eq. (36)] with the initial state P Classical (z, 0) [85] :
Thus we have obtained the quantum-classical correspondence of work distributions based on the FCS. For the MH, according to Eq. (5), the operatorM (t) should be replaced bŷ
and the initial condition
Both Eqs. (42) and (44) also apply to Φ MH (η). We can prove that M (z, 0) contains only terms proportional to even orders of , and the zeroth order is the same as that based on the FCS (see Appendix A). By using Eq. (46), we find that
MH (z, 0), we obtain
The detailed calculations of Φ
FCS (η) and Φ
MH (η) are shown in Appendix B. In Fig. 1 , we plot the real and the imaginary parts of Φ Classical (η), Φ
FCS (η), and Φ (0)
MH (η) of the linearly dragged harmonic oscillator. It is easy to see the quantum-classical correspondence and the differences between Φ FCS (η) and Φ MH (η).
IV. DISCUSSION AND CONCLUSION

A. Generalized Jarzynski equalities for arbitrary initial states with quantum coherence
Based on the FCS and the MH, one can define the quantum fluctuating work for quantum systems with initial coherence. One of the applications of these definitions of quantum fluctuating work is to study the Jarzynski equality for arbitrary initial states. In Ref. [14] , the Jarzynski equality 
where p eq (x, p, 0) is the equilibrium distribution at the initial time t = 0, and p R (x, −p, τ ) is the final distribution of the corresponding time-reversal process [1, 2, 9] whose initial state is chosen to be the equilibrium state.
In the quantum regime for isolated quantum systems, if the initial stateρ(0) does not have coherence, Eq. (56) can be straightforwardly generalized to the quantum version by adopting the TPM approach:
whereρ eq (0) is the equilibrium density matrix at the initial time t = 0, andρ R (τ ) is the final density matrix of the corresponding time-reversal process whose initial state is chosen to be the equilibrium density matrix. The subscript nn depicts the n-th diagonal matrix element.
If the initial stateρ(0) has coherence, then according to the work definition based on the FCS [Eq. (4)], we can similarly generalize the Jarzynski equality to arbitrary initial states with quantum coherence:
, (58) where the subscript mn depicts the matrix element in the m-th row and the n-th column. For the work definition based on the MH [Eq. (5)], the generalized Jarzynski equality for arbitrary initial states with quantum coherence is [60] e −β(W −∆F )
(59) Thus by adopting work definitions based on the FCS and the MH, we extend Jarzynski equality from equilibrium initial states to arbitrary initial states with quantum coherence.
B. Effect of the first projective energy measurement
Quantum coherence of the initial states is the main concern of our current study. We may ask a question: does the quantum-classical correspondence of work distributions still hold if we make a projective energy measurement at the initial time? For initial states without coherence, the answer is yes because the states remain unchanged after the first projective measurement.
For the initial states with quantum coherence, in the energy basis, the off-diagonal elements will be destroyed by the measurement. Initially, ρ(0),Ĥ(0) = 0. The initial Wigner function ofρ(0) is P (z, 0). After the projective energy measurement,ρ(0) becomesρ(0), and the
Wigner function becomes
where P (r, θ, 0) andP (r, θ, 0) are expressed in the polar coordinate, corresponding to P (z, 0) andP (z, 0) respectively. The derivation of Eq. (60) is given in Appendix C. As we can see,P is the average of P over the angular coordinate θ, thusP is independent of θ. Since P (r, θ, 0) [Eq. (38) ] and
The change of the initial state due to the first projective energy measurement will influence the work statistics. Thus after the first projective energy measurement, both the initial state and the work statistics will change in all orders of , including the zeroth order.
C. Wigner function and quasi-probability
In quantum mechanics, a point in the phase space is not a proper way to describe the state of the system due to the uncertainty principle. Nevertheless, in order to compare with its classical counterpart, physicists introduced a quasi-probability known as the Wigner function. But this quasi-probability may be negative. The leading order of the Wigner function is equal to the classical distribution in the phase space [78] , which provides some justification for the concept of the Wigner function as a quasi-probability. Similarly, in quantum thermodynamics, when dealing with quantum systems with initial coherence, it is improper to define quantum fluctuating work along individual stochastic trajectories in the phase space. Nevertheless, physicists introduced the quantum fluctuating work based on the FCS or the MH, but the work distribution may be negative (quasi-probability). We find that the leading order of the work distribution is equal to the classical counterpart, which implies the quantum-classical correspondence of work distributions, and provides some justification for definitions of quantum fluctuating work based on the FCS and the MH.
In summary, in recent years, definitions of quantum fluctuating work based on the FCS and the MH have been proposed for initial states with quantum coherence, and have attracted a lot of attention. But these definitions seem ad hoc. In this article, we study the quantum-classical correspondence of work distributions based on the two definitions. Firstly, for the general cases, we prove that both definitions satisfy the quantum Feynman-Kac formula [53, 81, 82] . Using the method of the phase space formulation of quantum mechanics [53, [78] [79] [80] and expansion, we prove that the leading order of both work distributions corresponds to its classical counterpart. Corrections proportional to odd orders of vanish, and corrections proportional to 2 are different. Then, as an exactly solvable example, we calculate the leading order and the second order of work distributions of a linearly dragged harmonic oscillator. We use this example to demonstrate the quantum-classical correspondence of work distributions and the quantum corrections. In addition, we discuss the generalized Jarzynski equalities for arbitrary initial states with quantum coherence based on the FCS and the MH. Our work is an extension of previous work for the definition based on the TPM [50] [51] [52] [53] [54] [55] [56] , and provides some justification for the validity of the definitions of quantum fluctuating work based on the FCS and the MH.
Equations (A2) and (A3) are Eq. (19) .
For the initial condition ofK(t) based on Φ MH (η) [Eq. (30) ], the Weyl symbol of the operatorK(0) is
The zeroth order is
Using the conclusion of Eq. (A3) , the first order is the same as that based on the FCS:
Equations (A5) and (A6) are also Eq. (19) . We would like to emphasize that
Then let us derive Eq. (45) . From the initial condition ofM (t) based on Φ FCS (η) [Eq. (43)], we obtain the Weyl symbol of the operatorM (0):
The first order originating from the two star products exp
Thus the first order vanishes. Similarly, the terms in M (z, 0) proportional to odd orders of vanish.
For the initial condition ofM (t) based on Φ MH (η) [Eq. (52) ], the Weyl symbol of the operatorM (0) is
The zeroth order is the same as Eq. (A8 
(B1) This is a mapping from (x(0), p(0)) to (x(t), p(t)), and we denote it as
The inverse mapping is
More specifically,
(B4) Since in the isolated system, the Newton's trajectory starting from one phase space point is unique, the mapping [Eq. (B3)] is one-to-one. From Liouville's theorem, we obtain
By utilizing Eqs. (39), (45) and (47), we obtain Similarly, for the second order, we also have For convenience, we set m = ω = 1 in this section. As we know, after the first projective measurement, only the diagonal elements survive. The n-th diagonal element
where F n (x, p) is the Wigner function of the Fock state |n n| [86] :
and L n (x) is the Laguerre polynomials:
After the projective measurement, the state becomeŝ dx dp P (x , p , 0)F n (x , p ) F n (x, p) = 2 π dx dp P (x , p , 0)e
Using the identity of the Laguerre polynomials [86] 
